
JANUARY 1964 TECHNICAL NOTES 183

1)1*

there must be a critical value of throat radius rt such that
for rt < rt the effective nozzle area actually decreases with
decreasing rt because of the rapid boundary-layer growth
This conclusion follows from the expression

(Aet!/At) = (R- dd'/rt* =
«'

which has a maximum value when

rt = rt = [(2TX +

For example, for the nozzle considered previously when p0 =
4000 atm, h0/RTR = 220, rtc = 0 0123 in , and when p0 =
200 atm, h0/RTR = 180, rt = 0 0342 in At low stagnation
pressures the critical throat radius is thus rather close to
the actual values used
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Intermolecular-Force Effects on the
Thermodynamic Properties of Nitrogen
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Nomenclature
B = second virial coefficient, cm3/mole
C = third virial coefficient, (cm3/mole)2

D = fourth virial coefficient, (cm3/mole)3

e = internal energy, cal/mole
h = enthalpy, cal/mole
p = pressure, atm
R = gas constant, 1 9872 cal/mole K
s = entropy, cal/mole-°K
T = temperature, °K
Z = compressibility factor
p = density, mole/cm3

PO = reference (or normal) density, 4 4634 X 10 ~5 mole/cm3
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Introduction

AKNOWLEDGE of the thermodynamic properties of the
working gas is essential to the analysis of data measured

in wind tunnels The present emphasis on high stagnation
temperatures, coupled with the widespread usage of nitrogen
in hot-shot and shock tunnels, has brought about a compre-
hensive documentation of the properties of nitrogen 1-6

Reference 6, in fact, presents calculations of properties up to
100,000°K and includes ionized species up to N5+! Neglected
in most of these calculations at high temperatures are the
equally important high-density effects on thermodynamic
properties caused by the intermolecular (or so-called van der
Waals) forces

Although Hilsenrath et al 1 included intermolecular-force
effects, their tables extend to only 100 times normal pressure
The corresponding density ratio is less than 25 for tempera
tures greater than 1000°K, and the intermolecular-force effects
are small Grabau et al7 computed values for much higher
densities (up to 300 times normal) but only for the limited
temperature range of 3000° to 4000°K

This paper presents increments in the thermodynamic state
variables of nitrogen (based on the virial coefficients of
Amdur and Mason8) caused by intermolecular forces These
increments in dimensionless form, Ae/RT, As/R, and Z, are
plotted as functions of temperature and logarithm of density
ratio The present results are presented for densities up to
300 times normal at temperatures between 1000° and 9000°K
However, because of dissociation, the accuracy probably is
not good above 6000°K

Method
The thermodynamic effects of the intermolecular forces can

be included if we express the virial equation of state in powers
of density as

p = PRT(l + PB = pETZ (D

B, C, and D are virial coefficients and are functions
only of temperature Reference 9 contains equations for the
increments in internal energy, enthalpy, and entropy caused
by the intermolecular forces In terms of the virial coefficients,
they are

ET dT

Ah
RT

_
RT (3)

and

AsAs (
~p = ~ VK (

- C + TdC
dT

(4)

The virial coefficients, B, C, and D, for nitrogen, tabulated
by Amdur and Mason8 for the temperature range of 1000° to
15,000°K, were used in the present calculations Since deriva-
tives of the coefficients with respect to temperature are needed
in Eqs (2) and (4), a polynomial representation of each co-
efficient was computed to facilitate differentiation A sev-
enth-degree polynomial was fitted by means of the method of
least squares through the 24 points for each virial coefficient
In this manner, each coefficient was represented by an equa-
tion of the form

X(T) = (5)

where T is in degrees Kelvin The curve fitting was done with
a digital computer The polynomial coefficients that were
calculated are contained in Table 1 It should be noted that
the polynomials fit the values of B, C, and D over the entire
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Table 1 Coefficients of polynomials used to represent virial coefficients

Term no B(T), cm'/mole C(T), (cmVmole)2 D(T), (cmVmole)3

0
1
2
3
4
5
6
7

22
1

-4
8

-1
7

-3
4

517659
0321382
1612639
5980195
0654868
7697577
0447773
9238351

X
X
X
X
X
X
X

10~2
10~6
lO-io
10 13

10 18

10 22
1Q-27

1
-0
2

-4
5

-3
1

-1

5279260 X
72037852
3150284 X
4333676 X
0471715 X
3492819 X
1955060 X
7731931 X

103

10~4
10 ~8
10-12
io-16
1Q-20

10-25

5

-34
1

-2
3

_2
1

-1

0670219
331275
2896822
7784221
5171097
5786019
0110035
6372610

X

X
X
X
X
X
X

IO4

10-2
10~6
lO-io
10-M
1Q-18
1Q-2S

As
R

LOG (p/p )

Fig 1 Compressibility factor

Fig 2 Internal energy increment

1 8 2 0 2 2 2 4 2 6 2 8
LOG (p/po)

Fig 3 Entropy increment

temperature range, although the calculations contained in
this paper extend up to only 9000° K

Results

Figure 1 contains the compressibility factor, Fig 2 the in-
ternal energy increment, and Fig 3 the entropy increment as
functions of logarithm of density ratio, with temperature as
a parameter Results corresponding to values of Z greater than

2 0 are shown dotted, since more than four terms of the virial
equation probably should be taken at the higher densities to
assure adequate accuracy In practice, however, the higher
coefficients of the virial equation are known with less cer-
tainty, and the improvement gained by including them is
somewhat doubtful Enthalpy increment can easily be ob-
tained by means of Eq (3) It can be seen from Figs 1-3
that the corrections to the thermodynamic properties due to
the intermolecular-force effects are small for densities less
than 25 times normal For greater densities, the corrections
are appreciable and probably should be included for most ap-
plications It should be noted that intermolecular-force
effects were not included in the Mollier diagram presented in
Ref 4, although densities as high as 1000 times normal are
plotted A more accurate description of the properties of
nitrogen can be obtained by adding the increments contained
herein to the values in Ref 4 and replotting the Mollier dia-
gram for the higher values of density

Theimodynamic properties were calculated by adding the
increments due to intermolecular-force effects to a simple
kinetic-theory description of nitrogen as an ideal diatomic
gas The results of this calculation are presented in Ref 10
The values of the state variables thus obtained were compared
with the data contained in Refs 1-3 and 7 Throughout most
of the range, the agreement was very good, and the differences
were less than 1% The only serious disagreement is in the
region where the effect of molecular dissociation is significant
The effects of dissociation were not included in Ref 10 Since
the virial coefficients were derived for collisions between ni-
trogen molecules only, the increments in thermodynamic prop-
erties are not accurate when significant dissociation exists
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Supersonic Stagnation Point Heat
Transfer at Low Reynolds Numbers
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Stagnation point heat transfer at low Reynolds
numbers in a supersonic air stream was investigated
experimentally A transient technique was em-
ployed using precooled thin-walled hemisphere-
cylinder models Results were obtained for nominal
Mach numbers of 2, 4, and 6 and in the Reynolds
number (based on conditions behind the bow shock
and model diameter) range of 80 to 1500 These re-
sults are in good agreement with continuum bound-
ary-layer theory down to a Reynolds number of ap-
proximately 300 At values below this an increase
approaching 10% is indicated

Nomenclature
= specific heat at constant pressure
= cylinder and hemisphere diameter
= heat-transfer coefficient = q/( To — Tw)

thermal conductivity
Mach number
Nusselt number = hd/k
Prandtl number = ucp/k
stagnation point heat rate
Reynolds number = pUd/n
absolute temperature
[d(U /U2)/d(x/d)]
velocity
distance from stagnation point
density ratio across normal shock
viscosity
density

Subscripts
0 = stagnation reservoir
1 = upstream of shock
2 = downstream of shock
BL = boundary-layer value
e = edge of boundary layer

I Introduction

REPRESENTATIVE results of recent studies of the heat trans-
fer to the stagnation point of a blunt body at low

Reynolds numbers are summarized in Fig 1 Analytical in-
vestigations have considered various second-order effects
ordinarily neglected in classical boundary-layer theory
These include vorticity introduced as the flow passes through
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Fig 1 Comparison of theoretical and experimental
stagnation point heat transfer

the bow shock wave, slip, and temperature jump % To indi-
cate the importance of these second order effects, comparisons
are made with continuum boundary-layer results2 extrapolated
to low Reynolds numbers

Two trends are apparent in Fig 1 The first is supported
by the theories of Ferri, Zakkay, and Ting,3 Cheng,? and the
data of Ferri et al3 5 This shows an increase in heat transfer
above continuum boundary-layer values starting at Rez of
about 20,000 and increasing to a maximum of 25% at Re% ~
150 The second trend1 6~8 indicates the heat transfer begins
to rise above the continuum boundary-layer value at magni-
tudes of Re2 < 1000 and that the increase is only about one-
third to one-half that of the other results

No satisfactory explanation has been advanced for the dif-
ferences in these two trends It was recognized, how-
ever, that the experimental data available were obtained
in different test facilities and with different techniques Be-
cause of this it was decided that additional tests in the low-
pressure wind tunnel at the University of California using a
transient technique would be desirable Results obtained are
presented herein

II Experimental Equipment and Procedure

Heat-transfer models were thin-walled hemisphere cylinders
of electroplated nickel Three sizes were used: 0 250 in,
0 500 in , and 1 00 in in diameter, with 0 004 in nominal wall
thicknesses Transient temperatures were measured by
means of No 40 gage copper-constantan thermocouples
welded into holes drilled at the stagnation points

The models were cooled below the wind tunnel stagnation
temperature (~530°R) by enclosing them in a coil of copper
tubing through which liquid nitrogen was pumped The coil
was then suddenly removed and the model rotated rapidly
into the tunnel air stream Further details of the construc-
tion techniques, instrumentation, and evaluation of the test
results are given in Ref 9

III Results

The stagnation-point heat-transfer results determined are
shown graphically in Fig. 2 in terms of the Nusselt number
divided by the square root of the dimensionless velocity
gradient at the edge of the boundary layer, Nu/ue'1/2, as a
function of the Reynolds number downstream of the shock,
Re2 Evaluation of all temperature records yielded dupli-
cate results for each test condition Since the variation of
Nu/u /1/2 obtained at any value of Re% was indicative of the
experimental accuracy, all data points were included in Fig 2
As can be noted, only a few points fell outside the lines de-
viating ±10% from the continuum boundary-layer reference
line

An average Nu/u /1/2 was computed at each value of Re%
for which two or more experimental points were available

t The various effects considered by different investigators are
reviewed and discussed in Ref 1
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